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Abstract

We present a model of the coupled evolution of energetic ions and Alfvén waves, incorporating magnetic focusing,
pitch-angle diffusion, wave amplification, and a traveling ion source. Ion transport through proton-amplified waves with
non-Kolmogorov spectra produces the contrasting three-stage evolution of Fe/O and He/H ratios at several MeV/amu
observed by Wind/EPACT in the 20 April 1998 gradual solar energetic particle event [Tylka et al., 1999].
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Introduction

Cliver [1996], Gosling [1993], Kahler [1992], Lee [1997],
and Reames [1997] have reviewed various observations and
arguments in support of the scenario that solar energetic
particles (SEPs) in gradual events are accelerated from
suprathermal solar-wind ions by a traveling interplanetary
shock driven by a fast coronal mass ejection (CME). For dif-
fusive shock acceleration to apply, the SEPs must be scat-
tered rapidly by waves near the shock. Near the sun the
SEPs are strongly focused into beams which rapidly am-
plify Alfvén waves to great intensities, so that the waves in
turn quickly scatter the SEPs [Ng and Reames, 1994]. The
enhanced scattering near a shock dramatically increases its
acceleration efficiency, so that a quasi-equilibrium is soon
established between ion densities and streaming on the one
hand and wave intensities and growth rates on the other
[Lee, 1983, 1997].
Alfvén wave generation at a distance is unobservable.

However, SEPs arriving at a spacecraft carry information
on their past interaction with the waves. Careful study
of the SEPs may thus provide indirect evidence for wave
excitation and diffusive shock acceleration near the sun.
The key observation here is the SEP abundance histories.
Two ion species with unequal charge-to-mass ratios A/Q
and the same velocity interact resonantly with Alfvén waves
of different wavelengths. The resulting difference in their
acceleration and transport is sensitively reflected in their
abundance ratio history.
Observation of the remarkable SEP abundance evolu-

tion by Wind/EPACT in gradual events is presented in
the companion Letter by Tylka et al. [1999]. We con-
centrate here on the 2.5-3.2, 3.2-5.0, and 5-10 MeV/amu
Fe/O ratios, normalized to coronal values, and the nor-
malized 2.0-2.5 MeV/amu He/H ratio in the 1998 April 20
west limb event. We identify the following salient features
in the Fe/O histories: (1) a precipitous initial decay from
large values to energy dependent values ∼> 1, (2) a less
rapid rebound to an energy dependent peak (> 1), and
(3) a monotonic decrease to energy dependent values ∼< 1.
In sharp contrast, He/H almost mirrors 2.5-3.2 MeV/amu
Fe/O about the unit ratio – rising when Fe/O descends,
and descending when Fe/O rises away from unity. The dif-
ference between He/H and Fe/O histories has been noted
before [e.g. Mason et al., 1983].
This Letter is a report on our preliminary study of these

concurrent abundance histories using a model of the cou-
pled evolution of SEPs and Alfvén waves. Comparison of
model prediction and observation in the 20 April 1998 west
limb event supports the key role played by proton excited
waves in near-Sun diffusive shock acceleration and inter-

planetary transport of SEPs in gradual events.

Model

No theoretical model treats SEP acceleration and trans-
port near its full complexity. The many difficulties involved
are described in Lee [1997] and Lee and Ryan [1986]. A
spacecraft samples in time progressively more eastern coro-
tating flux tubes (CFTs), each with a distinct history of
shock parameters [Cane et al. 1988; Reames et al., 1996].
To model the SEP intensity histories at a spacecraft, we
should likewise step through a long sequence of individual
solutions on different CFTs. Fortunately, in a west limb
event the sequence progresses eastward toward weaker and
slower shocks, and we may use the solution on just one
intermediate CFT to approximate the real intensity evo-
lution, albeit on a distorted time scale. We adopt this
simplified approach in this Letter.
The model here extends the work of Ng and Reames

[1994] on the coupled evolution of SEPs and Alfvén waves
to include a traveling source of energetic ions. Several sim-
plifying assumptions have been made to render the model
tractable. Ion acceleration is accounted for crudely and
decoupled from transport by injecting time varying power-
law spectra of accelerated ions [Lee, 1983] at the “shock”,
which travels radially at constant velocity Vsh, its heliocen-
tric distance at time t thus given by rsh = r0,sh+ tVsh. Ion
transport includes pitch-angle scattering and focusing by a
radial magnetic field but ignores solar-wind convection and
energy change. Wave evolution is due to amplification by
streaming protons only, and all other processes, e.g. wave
transport and cascading, are ignored.
The phase space densities fs(µ, P, r, t) of ion species s

and the differential wave intensities Iσ(k, r, t) of wave mode
σ are governed by [Ng and Reames, 1994]
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In the above, r is heliocentric distance, v ion velocity, P
rigidity, µ pitch-angle cosine, Ds

µµ(P, µ, r, t) µ-space diffu-
sion coefficient of species s, k wavenumber,Gs ion “source”
term, γσ growth rate of Iσ , c light speed, e elementary
charge, E proton total energy, VA Alfvén speed, VSW
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solar-wind speed, gσ = ±1 for outward (inward) waves,
Vσ = VSW + gσVA, and Rσ

µµ(µ, v, P, k, Vσ) wave-particle
resonance function [Ng and Reames, 1995]. Compared to
protons, the minor ions contribute negligibly to wave evolu-
tion [Lee, 1983]. Hence only fH appears in eq. (4). Eq. (1)
for fH and eq. (2) for Iσ are coupled by virtue of eqs. (3)
and (4).
The moving ion source Gs per (cm3 MV3 hr) is assumed

isotropic and sharply peaked at r = rsh, such that
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and Gs is negligible outside the above interval, with ∆r
the finite-difference grid size. In eq. (5), ns(r0)r20/r

2 is the
solar-wind s-ion density at r, r0 ≡ 1 AU, P0,s is the “seed”
ion rigidity, and the parameter α depends inversely on the
acceleration time. We take nH(r0) = 6.4 cm−3, a typical
observational value at r = 1 AU, with nO(r0) = 4.1 ×
10−3 cm−3 and nFe(r0) = 5.5×10−4 cm−3, in proportion
to the observed coronal abundances [Reames, 1995]. All
ions are seeded at 5 keV/amu [Lee, 1983].
For the 20 April 1998 event, we adopt the following.

Vsh = 1250 km s−1, between the observed CME speed of
≈1600 km s−1 [C. St. Cyr, private communication] and
the shock’s mean transit speed of ≈520 km s−1. VSW =
417 km s−1. VA = (41.7 km s−1)(r0/r). A softening spec-
trum: δ = δ0 + Vsh t δ

′, with δ0 = −4, δ′ = −2.5 AU−1,
implying that the shock compression ratio weakens from 4
at r = 0.01125 AU, t = 0 hr to 1.86 at r = 1.125 AU,
t = 33 hr. AFe/QFe = 4, AO/QO = AHe/QHe = 2. For
all species, α = 8× 10−5 hr−1.
The initial forward Alfvén wave distributions are spec-

ified via eq. (27) of Ng and Reames [1994] with (sym-
bols therein) I+ 0 = 1 × 10−3 MeV cm−2, δ = −5/3,
and γ = 0.015 hr−1. Backward wave intensities are
10% of the forward wave intensities. The resulting mean
free paths λ ∼> 1 AU for the ions of interest, where
λ = 3/8

∫ 1

−1 dµ(1− µ2)2v/Dµµ [Earl, 1974].
The coupled eqs. (1) and (2) are solved using a refine-

ment of the finite-difference technique of Ng and Reames
[1994], subject to the above initial wave distributions, zero
initial ion densities, a reflecting inner boundary at r =
0.1 AU, and a free-escape outer boundary at r = 2.6 AU.
The rigidity range is from 16 MV to 609 MV. We select
r = 1.125 AU for “observation” to compensate for the as-
sumed radial magnetic field line.

Results

Abundance Ratio Evolution

In quasi-linear theory, Iσ(k) ∝ k−5/3 implies Dµµ/v ∝
P−1/3 and λ ∝ P 1/3, roughly. Thus at the same velocity
and twice the rigidity, Fe14+ (He2+) suffers less scattering
than O8+ (H+). Relatively more Fe14+ (He2+) than O8+

(H+) ions would arrive at first, leading to a large Fe/O
(He/H) ratio at onset, followed by a rapid decrease of the
ratio as more O8+ (H+) ions arrive later. This prediction
is observed for Fe/O, but in contradiction to the observed
He/H history in the 1998 April 20 event (see Introduction
and Figure 2 of Tylka et al. [1999]).

Figure 1: Fe/O and He/H ratios at r =
1.125 AU, showing the three evolutionary
phases (see text). The shock arrival time
at r = 1.125 AU is indicated by an arrow.

Figure 1 shows the predicted histories of 2.6, 3.7, and
5.2 MeV/amu Fe/O and 2.2 MeV/amu He/H ratios at
r = 1.125 AU. Remarkably, the model produces qualita-
tively the observed three-phase time profiles, in particular,
the contrast between He/H and Fe/O. This is due to (r, t)-
dependent wave amplification by streaming protons. Pro-
tons that resonate with the same waves as He2+ or O8+

(Fe14+) travel at twice (quadruple) the speed of the lat-
ter ions. At event start, the faster protons race ahead and
amplify the resonant waves, enhancing the scattering con-
dition for the heavier ions even before the latter’s first ar-
rival. Because of the decreasing proton rigidity spectrum,
this initial disturbance does not cause more scattering of
Fe14+ than O8+. However, the radial profiles of DHe

µµ/D
H
µµ

at µ = 0.9 in Figure 2 show that the faster proton outriders
generate a moving shell of disturbance, in which the first
“wave” of He2+ are pitch-angle scattered faster than the
first “wave” of H+ at µ ∼> 0.8, leading, at r = 1.13 AU, to
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Figure 2: Radial profiles of 2.2 MeV/amu
DHe

µµ/D
H
µµ (solid curves) and 2.6 MeV/amu

DFe
µµ/D

O
µµ (dashed curves) at µ = 0.9. An

arrow indicates both time of profile and far-
thest point reached by the ions.

He/H that rises rapidly from small values at onset. What
causes the slower rebound of Fe/O (the slower fall of He/H)
in the second phase? Without wave growth, one expects the
ratio to approach an asymptotic value from above, contrary
to the observation. Proton-driven wave growth, however,
causes the ion mean free paths λFe and λO to fall in time
and to increase with distance upstream from the shock,
such that λFe > λO everywhere. Figure 3 shows the radial
profiles of λO at 2.6 MeV/amu at selected times. Figure
4a shows the radial profiles of λFe/λO and λHe/λH at t =
3 hr, 12 hr, and 24 hr. The corresponding radial profiles
of Fe/O at 2.6 MeV/amu and He/H at 2.2 MeV/amu are
shown in Figure 4b. Since λFe > λO everywhere, relatively
more Fe14+ than O8+ arrive from the shock, and Fe/O
rebounds in the second phase. In a fairly extensive region
starting

Figure 3: Radial profiles of λO at 2.6 MeV/amu.
Arrow indicates time of profile and shock
location. Profiles far behind the shock
should not be taken seriously because of the
neglect of convection and wave transport.

Figure 4: Radial profiles of (a) the mean-free-
path ratios and (b) the abundance ratios,
for He to H at 2.2 MeV/amu and Fe to O
at 2.6 MeV/amu at selected times.

a short distance beyond the shock, λHe < λH (Figure 4a);
He2+ experiences more scattering en route than H+, and
so He/H falls in time.
The third phase sees Fe/O fall and He/O rise as the

shock approaches. This is again consistent with proton
driven wave growth. As shown in Figure 4, λFe > λO

(λHe < λH) goes generally with a positive (negative) radial
gradient of Fe/O (He/H). As the shock approaches, the
spacecraft eventually enters a region where Fe/O (He/H)
is smaller (larger) than before.

Wave Evolution

We display in Figure 5 the evolution of the outward
right-hand polarized Alfvén waves at r = 0.35 AU from
an initial k−5/3 spectrum. Wave growth occurs first at low
k, then progresses to high k, reflecting the earlier arrival
of faster protons. The growth rate is large early but de-
creases with time. Quasi-linear theory predicts Dµµ/v ∝
P−2I+R (kres) roughly, where kres ≈ B/(µP ), with B the
magnetic field. If I+R (k) ∝ k−b, then Dµµ/v ∝ P b−2,
decreasing (increasing) with P if b is < (>) 2. A k−2 spec-
trum is shown in Figure 5 for comparison. The initial k−5/3
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Figure 5: I+R versus k/B at r = 0.35 AU and
t = 0, 0.2, 0.4, 0.8, 1.6, 3.2, and 6.4 h.
A k−2 spectrum (dashed line) is shown for
comparison.

wave spectra imply Dµµ/v ∝ P−1/3 everywhere. How-
ever, wave evolution soon rewrites the rigidity dependence
of Dµµ/v, so that it decreases and increases with P at dif-
ferent values of P in an (r, t)-dependent manner. Similarly,
λ and its rigidity dependence also evolve dynamically in re-
sponse to wave growth. One may speculate that this effect
contributes to event-to-event fluctuation in λ, with smaller
λ going with larger proton events.

Particle Spectra

Figure 6 shows the differential intensities jHP , j
O
P , j

Fe
P

versus rigidity P at t = 30 h. These spectra flatten at low
rigidities, similar to the observation [Figure 3, Tylka et al.,
1999], because of the rigidity-dependent escape of the ions
through proton-excited waves. At the same MeV/amu

Fe/O = [(AFe/QFe)/(AO/QO)] j
Fe
P (PFe)/jOP (PO).

Hence the spectral flattening implies that 16O8+ is sup-
pressed more than 56Fe14+, as shown by the symbols in
Figure 6 for 5.2 MeV/amu Fe and O.

Discussion

A sufficiently large initial proton “injection” rate is re-
quired in the model to produce the observed trend of He/H
and Fe/O. Reducing GH eventually results in He/H and
Fe/O both decreasing from initially large values, contrary
to the observation. Similar results to Figure 1 are obtained
with QO from 6 to 8 and QFe from 11 to 14.
Adopting a decreasing shock speed on each CFT and

stepping through a sequence of CFTs toward slower and
weaker shocks would allow the model to match the observed
time scale of evolution. However, such refinements are not

Figure 6: jHP , j
Fe
P , and j

O
P versus P at r =

1.125 AU, t = 30 h. The Fe and O spec-
tra have been divided by their respective
coronal abundances relative to H. Solid cir-
cles indicate values used to calculate 5.2
MeV/amu Fe/O.

warranted at present because we have neglected solar-wind
convection, adiabatic deceleration, wave k-transport, and
non-linear wave cascading.
The time scale for convection, adiabatic deceleration,

and wave k-transport are, respectively, 1 AU/Vsw ∼ 100 hr,
r/[(1−µ2)Vsw] ∼> 10 hr, and r/(2Vsw+3VA) ∼> 2 hr. These
processes are unlikely to alter our conclusion. It is difficult
to estimate the effect of non-linear cascading without ac-
tual modeling. We are generalizing our model to include
these processes, and will report some preliminary results
at the 26th International Cosmic Ray Conference. Despite
simplifications, the model produces the contrasting three-
phase Fe/O and He/H histories in the 20 April 1998 event,
demonstrating the key role of proton excitation of Alfvén
waves in SEP acceleration and transport.
The model may be used to study the evolution of charge

state distributions via A/Q-dependent transport through
SEP excited waves.
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