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ABSTRACT

We present a model of the focused transport of ~1 MeV solar energetic protons through interplanetary
Alfvén waves that the protons themselves amplify or damp. It is based on the quasi-linear theory but with a
phenomenological pitch angle diffusion coefficient in the “resonance gap.” For initial Alfvén wave distribu-
tions that give mean free paths greater than ~0.5 AU for ~1 MeV protons in the inner heliosphere, the
model predicts greater than roughly an order of magnitude amplification (damping) in the outward (inward)
propagating resonant Alfvén waves at $0.3 AU heliocentric distance. As the strength of proton source is
increased, the peak differential proton intensity at ~1 MeV at 1 AU increases to a maximum of ~250 par-
ticles (cm? s sr MeV) ™! and then decreases slowly. It may be attenuated by a factor of 5 or more relative to
the case without wave evolution, provided that the proton source is sufficiently intense that the resulting peak
differential intensity of ~1 MeV protons at 1 AU exceeds ~ 200 particles (cm? s st MeV) ™.

Therefore, in large solar proton events, (1) one may have to take into account self-amplified waves in study-
ing solar particle propagation, (2) the number of accelerated protons escaping from a flare or interplanetary
shock may have been underestimated in past studies by a significant factor, and (3) accelerated protons escap-
ing from a traveling interplanetary shock at r < 0.3 AU should amplify the ambient hydromagnetic waves

significantly to make the shock an efficient accelerator, even if initially the mean free path is 21 AU.
Subject headings: acceleration of particles — interplanetary medium — Sun: flares — Sun: particle emissions

1. INTRODUCTION

Wave-particle interaction is generally accepted as the cause
of the scattering of solar energetic particles (SEP) in interplan-
etary space. In this view, low frequency hydromagnetic waves
scatter the SEP and are in turn amplified or damped by the
SEP. Nevertheless, a time-independent spatial mean free path
or pitch diffusion coefficient has always been assumed in the
analysis of observed solar particle events. If the SEP intensity
is small, interplanetary hydromagnetic waves are probably not
significantly modified by the passage of the SEP, and the test
particle approach is valid. In large SEP events, however, can
the waves be amplified to the extent that they significantly
affect the propagation of the SEP themselves? It has been
shown that wave generation plays a significant role for particle
transport near shock waves and comets in the interplanetary
medium (see, e.g., Lee 1982, 1983, 1988). In this paper, we study
a simple time-dependent model of interplanetary SEP trans-
port coupled to wave evolution, based on the quasi-linear
theory modified by phenomenological scattering in the
“resonance gap,” and taking account of particle focusing by
the interplanetary magnetic field.

The mean free path A of SEP fitted using conventional
models varies over 2 orders of magnitude from event to event
(e.g., Palmer 1982; Wanner & Wibberenz 1993), and under-
standing the causes of this variability is an important current
issue. A puzzling feature is the contrast between small and
large SEP events (see, e.g., Reames 1992). For example, many
small SEP events exhibit “scatter-free” propagation with very
fast rise consistent with 4 2 0.5 AU (e.g., Mason et al. 1989).
In contrast, large SEP events rise slowly to maximum (e.g.,
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McCracken et al. 1971) and have been analyzed in the
convection-diffusion model to give 1 $0.1 AU (see, e.g.,
Palmer 1982). Furthermore, there appears to be a limiting in-
tensity early in the observed large SEP events (Reames 1990).

It is possible that the mean free path 4 of MeV protons in the
undisturbed interplanetary medium is often 20.5 AU, and that
the above difference is due to the modification of the interplan-
etary medium by the SEP themselves, or extended particle
injection, or both. It is commonly believed that in small impul-
sive events, the SEP are accelerated in or near the flare and
then released impulsively into interplanetary space. Cane,
Reames, & von Rosenvinge (1988) argue that in large gradual
events, a broad traveling interplanetary shock continuously
accelerate the SEP, which subsequently escape from the shock
(see also Lee & Ryan 1986). Large impulsive events have also
been observed (Van Hollebeke, McDonald, & Meyer 1990) as
well as events with the characteristics of both impulsive and
gradual events. Small gradual events have not been reported;
these are either nonexistent or below detection threshold.

We use the new model to explore SEP propagation over a
range of particle source strength and initial distribution of
interplanetary Alfvén waves, contrasting the results with those
obtained in the absence of wave evolution. The present model
does not include a traveling shock, which will be considered in
a future paper. With reasonable initial interplanetary Alfvén
wave distributions, proton source strength and other param-
eters, the model predicts that (1) for initial 1 2 0.5 AU, the
resonant outward (inward) propagating Alfvén waves grow
(decay) by an order of magnitude or more within a few hours at
r < 0.3 AU, with the growth/decay rate increasing toward the
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Sun, (2) as the proton source is increased, the maximum differ-
ential intensity of ~1 MeV proton at 1 AU rises to a maximum
of ~250 particles (cm? s st MeV) ™! and then slowly decreases,
while the ratio between the maximum differential intensities
calculated with and without wave growth decreases steadily
from ~1 to <0.1, and (3) for initial A 2 0.5AU, the time-to-
maximum at r < 1 AU is only slightly increased relative to the
case without wave evolution, whereas for 4 <0.2 AU it is
increased by a large factor.

This means that for the most intense particle events, the
number of accelerated particles escaping from a solar flare or
from a shock wave close to the Sun may have been underesti-
mated in past studies by a significant factor. Even though con-
sideration of a traveling shock together with its associated
effects must be postponed to a future paper, the conclusion
here means that accelerated protons escaping from the shock
must excite enough waves to make the shock a very efficient
accelerator, even if initially 4 > 0.5 AU.

The idea of the amplification of hydromagnetic waves by
streaming energetic particles and its influence on the propaga-
tion of the particles is not new. It was invoked in the context of
the escape of cosmic rays from the galaxy (e.g., Tademaru
1969), particle acceleration associated with planetary bow
shocks, traveling interplanetary shocks and comets (e.g., Lee
1982, 1983, 1988), and newly ionized interstellar neutrals (e.g.,
Wu & Davidson 1972; Lee & Ip 1987). In the context of SEP
propagation, Reames (1989) suggested that in large solar
proton events, the protons may excite interplanetary Alfvén
waves significantly to affect their own propagation. Hydro-
magnetic wave excitation by interstellar hydrogen and helium
ionized in the interplanetary medium has been modeled in the
steady state or time asymptotics by Lee & Ip (1987). Pitch-
angle diffusion of new-born ions was modeled by Yoon,
Ziebell, & Wu (1991), taking into account resonant and non-
resonant wave-particle interaction. This paper presents the
first attempt to study SEP propagation using a time-dependent
model coupling SEP propagation in the presence of magnetic
focusing to Alfvén wave excitation/damping. Its novel features
are the divergent radial geometry and the associated magnetic
focusing of the particle pitch-angle distribution toward the
anti-Sunward direction. The former implies that the peak dif-
ferential intensity varies roughly as 3, and the latter that the
particle distribution becomes more anisotropic with decreasing
r (if scattering is weak). Together these lead to significant
growth of the outward traveling Alfvén waves in the inner
heliosphere.

The plan of the rest of this paper is as follows. In § 2, we
detail the model assumptions, introduce the initial value
problem consisting of the coupled partial differential equations
governing the evolution of the particle and wave distributions,
together with their initial and boundary conditions, and then
describe their numerical solution. In § 3 we present, for a
typical calculation, (1) the time histories of ~1 MeV proton
differential intensity, anisotropy, and mean free path at 0.325,
0.525, and 1.125 AU, and (2) the evolution of the differential
intensity of the various Alfvén wave modes at 0.325 AU, fol-
lowed by (3) the dependence of the predictions on various
model parameters. A discussion in § 4 closes the paper.

2. THE MODEL

2.1. Assumptions and Equations

Our model of the coupled evolution of solar energetic
protons and interplanetary Alfvén waves is based on the quasi-
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linear theory (e.g., Lee 1971, 1982; Lee & Ip 1987) modified by
phenomenological filling of the resonance gap. We make the
following simplifying assumptions.

1. A radial mean interplanetary magnetic field (IMF).
Although it is possible to use the Parker spiral field in model-
ing the focused transport of SEP (e.g., Ng & Wong 1979;
Mason et al. 1989), we adopt the radial IMF here for simplicity
and for consistency with our assumption of parallel propagat-
ing waves (see below). As wave growth decreases in relative
importance with increasing heliocentric distance, this assump-
tion is adequate for our purpose.

2. Aradial solar wind velocity with constant speed.

3. The Alfvén speed varies inversely with heliocentric dis-
tance.

4. The IMF fluctuation is a superposition of hydromagnetic
left- and right-hand circularly polarized transverse Alfvén
waves propagating outward and inward parallel or antiparallel
to the mean IMF. The actual IMF fluctuation includes other
wave modes of relevance to the SEP, e.g., obliquely propagat-
ing Alfvén waves, magnetosonic and ion cyclotron waves.
Including these will introduce further complexity and is not
attempted in the present model.

5. The SEP consist of energetic protons only. We adopt this
assumption for simplicity, even though the SEP include a
significant fraction of energetic He** and other ions. The
model predictions should not be significantly affected by this
assumption.

6. The energetic protons are injected at 0.1 AU helioradius,
are focused by the mean IMF and scattered by the interplan-
etary Alfvén waves through cyclotron resonance according to
the quasi-linear theory.

7. Correspondingly the Alfvén waves are either amplified or
damped by the energetic protons.

8. For parallel and antiparallel hydromagnetic Alfvén waves
with a upper cutoff wave number, the quasi-linear theory gives
a resonance gap in pitch angle space in which the pitch diffu-
sion coefficient is zero. Observation, however, indicates that
the SEP are scattered over all pitch angles, and that there are
no transport gap in pitch angle space. It is beyond the scope of
this paper to take into account nonresonant scattering and
nonlinear theories which allow the SEP to traverse the gap.
Instead we adopt a phenomenological approach and fill in the
gap with the average of the pitch diffusion coefficient just
outside the gap.

9. We consider only induced emission and absorption, and
ignore spontaneous emission and absorption, mode-mode
coupling, and nonlinear damping of Alfvén waves (e.g.,
Melrose 1980; Miller 1991).

10. For simplicity, we ignore particle momentum transport
required by the quasi-linear theory, i.e., we ignore the terms
associated with the coefficients D p and Dpp in the transport
equation (e.g., Schlickeiser 1989a, b). The model is thus not
self-consistent as regards energy conservation. However,
momentum diffusion proceeds slower than pitch diffusion by a
factor =~ V,/v, which reaches a maximum of only ~2.5 x 1072
for 45 MV protons in the model.

11. Wave propagation is ignored as we are mainly interested
in a timescale of = 10 hr.

We shall use the following notation: t = time, r = helio-
centric radius vector, 7= unit radial vector, p = particle
momentum, ¢ = speed of light, e = elementary charge, P =
pc/e = proton  rigidity, m, = proton mass, &, =m, 2=
proton rest energy, & = proton total energy, r, = reference
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radius = 1 AU, B = Bf = B,(ro/r)’# = mean interplanetary
magnetic field, v = particle velocity, u = v * F/v = particle
pitch, (P, u, r, t) = density of solar protons in (P, r) space
averaged over gyrophase, D, (P, p, r, t) = particle diffusion
coefficient in u-space, A = particle mean free path, V = solar-
wind speed, V, = V,(ro/r) = Alfvén speed, V, =V + V, =
phase speed of outward (inward) traveling Alfvén waves,
Q = ecB/& = (signed) proton gyrofrequency, w = angular fre-
quency of Alfvén wave, k = (parallel) wave number, h = wave
helicity label, o = wave polarization label, d = label for wave
propagation direction in plasma frame, Ik, r, t) = differential
intensities of the magnetic field fluctuation of circularly pol-
arized outward and inward propagating Alfvén waves, with
d = +denoting outward (inward) propagation relative to the
plasma, and k < 0 denoting left (right) helicity. We also define
the differential wave intensities associated with Alfvén waves of
left- and right-helicity: I4(k, r, t) = Ik, r, t), for k> 0, and
IX(| k), r, t) = Ik, r, t), for k < 0. The differential wave inten-
sities are normalized such that

0

ik r,=Y Y
o d=t+ h=L,R

(6B 5By = Y ang ),
d== 0

M
where 6B = fluctuating magnetic field, and angle brackets
denote ensemble average. Finally, y%(, r, t) = growth rate of
IMC, 7, t).

In the fixed inertial frame, the evolution of the proton phase
space density averaged over gyrophase is governed by the
focused transport equation (Roelof 1969)

of of 1—yu?> of 0 of

a TPyt v@u 0,u<D‘“‘6,u>’
where the third term on the left is due to focusing by the radial
IMF, and the term on the right describes diffusion in u-space
due to scattering by the Alfvén waves. In equation (2), the pitch
diffusion coefficient D, (P, u, r, t) is expressed according to the
quasi-linear theory in terms of the differential wave intensities
I%| k|, r, t) evaluated at the resonant wavenumbers | k*| (e.g.,
Schlickeiser 1989b):

@

n (Q\?
DI‘M(P’ " T, t) = 5 <—B—) (1 - .“‘2)

x [Q+ IL(IKS* ], ) + Q_TE(1K=*], r, 0], (3)

Qs =01 —puVe/v)*/ | — Vi, Q)
ke = Qf(uv — Vi) = B/[P(n — Vi/v)] . )
For B > 0 (<0), the helicity indices « and f are chosen as
follows:
- {L(R) if u >.VJr , ©
R(L) otherwise ,
R(L) fuw<V_,
b= {LER; ot’ljerwise . @

The resonant wavenumbers k¢° in equation (5) are obtained by
eliminating w between the dispersion relation for Alfvén waves,

o=kV1tV,), ®

valid for |w — kV | = | kV, | < |Q], and the condition for cyclo-
tron resonance

o—kuw+Q=0. &)
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We follow the convention of, e.g., Lee & Ip (1987), so that
w > 0 corresponds to right-hand (left-hand) polarization if
B > 0(<0). In Table 1 we summarize the relationships among
the wavenumber k, the helicity h, which are both Galilean
invariant, and the propagation direction relative to the plasma
d, the wave frequency w, the polarization o, and a necessary
condition on uv derived from equation (5) for the SEP to res-
onate with the wave, in both the plasma and the “spacecraft”
frame. We work mainly with k (or | k|) and h, because these are
Galilean invariant, rather than with w and o, which are frame
dependent.

The choice of « and f in equations (6) and (7) is based on the
fact that, for B > 0 (B < 0), protons streaming outward gyrate
in the left (right) hand sense, and thus can only resonate with
Alfvén waves of left (right) helicity, provided their parallel
velocities exceed the local phase velocities of the Alfvén waves
(Table 1). Similar consideration applies for inward-streaming
protons.

Restriction to parallel hydromagnetic waves with a cutoff
frequency below the proton gyrofrequency results in a reson-
ance gap in u-space according to the quasi-linear theory (egs.
[3] and [S]). However, other waves (e.g., oblique Alfvén waves,
magnetosonic waves, and ion cyclotron waves) do scatter the
protons in at least a portion of the gap. Furthermore, there is
no doubt that particles do diffuse across the gap, and nonlinear
theories, such as resonance broadening have been invoked
to explain this fact (e.g., Volk 1973, 1975; Jones, Kaiser, &
Birmingham 1973; Goldstein 1976; Yoon et al. 1991; Kari-
mabadi, Krauss-Varban, & Terasawa 1992). Inclusion of other
wave modes and a self-consistent treatment of resonance
broadening are beyond the scope of this paper, and we simply
“fill in” the gap phenomenologically with the average of the
values of D, just outside the gap (see below).

As we are concerned with a time duration ~10 hr and
V + V,is $2 x 1072 AU hr ™%, we ignore wave propagation.
Considering only stimulated emission and absorption, we
approximate the evolution of the differential wave intensities in
the fixed inertial frame by the equation

th k, b
HdALr D _ okl r, o1k 7 ), =L R; d=2),

ot
(10
TABLE 1
ALFVEN WAVE DESCRIPTIONS
PLASMA FRAME SPACECRAFT FRAME

k h d w o  Condition® w o Condition®

Case B> 0
+ L + + R w>V, + R w>V+V,
+ L - - L w>-V, + R w>V -V,
- R - + R w< -V, - L uw<V -V,
- R + - L w<V, - L w<V+Vv,

Case B<0
+ L + + L w<V, + L w<V+v,
+ L - - R w< -V, + L uw<V-"v,
- R - + L w>-V, — R w>V-Vv,
- R + - R w>V, - R w>V+V,

2 A necessary condition for cyclotron resonance.
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where

Yi(lklr, )= £

4neV,
RUNLZNY I
Ikl j"

2 2
e (L a2 o
lp—vVe/c*| [op v au oP) |)p..
(e.g., Lee 1972, 1982; Melrose 1980). For B > 0 (<0), the inte-
gral is evaluated over the interval (V. /c, 1] for h = L(R), and
the interval [ —1, V,/c) for h = R(L). The integrand is evalu-
ated at the resonant rigidity P, ., given below. By using the
dispersion relation (8) for the Alfvén waves and the condition

(9) for cyclotron resonance, we find for the waves with k/B 2 0,
the resonant proton rigidities (necessarily at p 2 V,/c):

s 5 (e BT
P'"‘k(M—Vi/cZ)[”*c\/”<” Nes) |’

12

Note that |(V,/c)k&o/eB)| = |(w — kV)/Q| <1 for hydro-
magnetic waves.

From equation (11), we see that irrespective of the sign of B,
a positive value of df/ou simultaneously contributes to the
growth of the outward Alfvén waves and the decay of the
inward Alfvén waves. “QOutward” moving protons with
offop > 0 at u > (V + V,)/v amplify outward right-hand pol-
arized Alfvén waves, and damp inward left-hand polarized
Alfvén waves, polarization here being referred to the plasma
frame (Stix 1962) (in the fixed frame, both waves are right-hand
polarized; see Table 1). Similarly, “inward ” moving protons
with df/ou > 0 at u < (V % V,)/v amplify outward left-hand
polarized Alfvén waves and damp inward right-hand polarized
Alfvén waves, polarization here being referred to the plasma
frame (both waves are left-hand polarized in the fixed frame). If
df/op < 0, the above contributions towards amplification or
damping are reversed. In the early phase of a solar particle
event, we usually have df/du > 0. The last term in the integral
in equation (11) vanishes in the rest frame of the corresponding
wave mode, and so a particle distribution that is isotropic in
that frame does not excite or damp that wave mode. This last
term has often been interpreted as a threshold that df/0u must
exceed in order to excite waves traveling in the direction of
the particles as seen in the plasma rest frame. This is so if
0f/oP < 0. In the onset phase of a solar particle event, how-
ever, df/0P is positive because of velocity dispersion and con-
tributes to wave growth. Equation (11) applies strictly for a
constant mean magnetic field. However, provided the relevant
wave lengths are much smaller than the magnetic focusing
length, it should be a reasonable approximation.

For numerical solution it is preferable to write the focused
transport equation in conservation form. This may be done in
general by using f/B instead of f. As we have assumed B =

By(ro/r)?, we introduce
and rewrite the focused particle transport equation (2) in the
conservation form
o (1 —p? 0 OF
— + — (wF) + — Fl|=—{(D,—). (14
ot +6r(lw )+6y< r ) (?,u( ““au) (14)

F(P, 1, 0) = (r/ro)’f (P, p, 1, 1), (13)
0F 0
The resonant wavenumber k.., varies strongly with helioradius
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r through its dependence on B (see eq. [5]). This strong depen-
dence on r may be avoided if we used the normalized wave-
number 5 = | k/B| (with dimension of inverse rigidity) instead
of |k|, and redefine I' = I(y, r, t) and y% =y, r, t). From
equation (5) we have the normalized resonant wavenumber

N =(Plp—Vefol)™".
and the pitch diffusion coefficient

15

n (Q\?
Dl‘u(P’ ur, t)=5<§> (1 _#2)

x [Q4 5SS r )+ Q-2 r, )], (16)

with Q,, o, and B again given by equations (4), (6), and (7),
respectively, and modified by resonance broadening as
described previously. Equations (10) and (11) governing wave
evolution now read

oIy, r, t)
ot

4n3eV,
¢ 5 Ty t) = i- —A J‘dﬂ
v 7cl Bal

(1 — p*wP?* [oF Vi< oF 6F>]}
— e 1 _E(y——Pp— , (18
X{w—vvi/cﬂ o P Par)lf,, 1

Equations (14) and (17) form a set of partial differential equa-
tions for the evolution of the particle and wave distributions
coupled via equations (16) and (18). We shall consider these
equations in the following domain: 0.1 AU <r <2.6 AU,
16 MV<P<1076 MV, —1<u<1, and 9.716 x 1073
MV~ <y <3447 x 107! MV L, The model is specified by
the initial value problem consisting of the above equations and
suitable initial and boundary conditions on the particle and
wave distributions.

=y4n, r, Ol4n,r, ), (h=LR; d= %), (17)

2.2. Initial and Boundary Conditions

2.2.1. Initial Proton Distribution

If the background energetic particle distributions are in
equilibrium with the interplanetary Alfvén waves, then their
contribution to the wave growth rate in equation (18) is zero. If
the background is due to the “ quiet time ” background and not
to a recent solar particle event (which is not considered in this
paper), we believe this to be the case. The observed quiet time
differential intensity of low-energy interplanetary ions at ~1
AU is j, $0.1 (cm? s st MeV amu~!)"! at ~1 MeV amu™!
and nearly isotropic with a spectral index in the range of —2.5
to —3.1. (Richardson et al. 1990). This is small compared to the
observed peak differential intensity ~10-500 (cm? s sr
MeV) ™! of SEP at ~1 MeV. The peak differential intensity of
SEP should rise steeply toward the Sun, roughly like »~3, and
should thus dominate the background intensity even more in
the inner heliosphere, where wave excitation is found to be im-
portant. In view of the above we employ an initial proton dis-
tribution that is either identically zero or based on the above
quiet time background and independent of r.

2.2.2. Outer Boundary Condition on the Protons

We stipulate a free-escape boundary condition at r = 2.6
AU. A ~1 MeV proton would take a total of ~12 hr to travel
from the Sun to r = 2.6 AU at u = 1 and thence back tor =1
AU at u = —1. In the presence of scattering, the average time
for such a trip is longer by a factor greater than 2 (Earl 1974).
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Thus the effect of the outer boundary on the calculated particle
and wave intensities at r < 1 AU and ¢t < 10 hr is insignificant.

2.2.3. Inner Boundary Condition on the Protons

The injection of protons is specified via a time-dependent
source S(P, u, r, t) at the inner spatial boundary r =r,, at
which protons with u < 0 are also reflected, viz.,

f(P’/l7r09t)=S(P9/‘9r01t)+f(P, _:u9r07t)’ (ﬂ>0) (19)
We employ a separable function for the source term,
S(P, u, 1o, t) = F(P)M ()T (1) . (20)

Clearly, one can specify the function S in many ways. For
simplicity, we limit ourselves to only a few forms. We use
M (1) = H(p) and A (n) = pH(u), with H(u) the Heaviside step
function, to study the effect of varying the u-dependence of
the source. We use an exponentially decaying source, 7 (t) =
exp (—t/ti,;), and study the effect of varying the injection time
constant t;,;. We adopt

ev, P P,\> P, [(P,\?
chzexP[ P, <P> +P1 +<Po>:|’ 1
in which the spectral shape is specified by the parameters P,
and P,, and the injection strength is specified by the parameter
j9, which is the source differential intensity with respect to
energy at the reference rigidity Py, u = 1,r = ry,and ¢t = 0. The
quantity v, is the proton speed corresponding to the rigidity
P,. Note that at P = P, the argument of the exponential func-
tion vanishes and equation (21) gives (c/e)P3 #(P,) = j3.

Ideally the proton injection rigidity spectrum should be con-
sistent with the observed time-of-maximum spectrum (e.g.,
McGuire, von Rosenvinge, & McDonald 1981; McGuire &
Rosenvinge 1984; Reames, Richardson, & Wenzel 1992), or
with the theoretical predictions of acceleration models, e.g., the
Bessel-function spectrum of M. A. Lee reported in Forman,
Ramaty, & Zweibel (1986). However, our numerical model is
necessarily restricted to a finite range of proton rigidity
roughly centered at 43.33 MV, the rigidity of the 1 MeV
protons of interest here. In this paper, we generally adopt
Py, =43.33 MV, P, =25 MV, and P, = 21.6 MV, and study
the effect of the source strength by varying j$. This spectrum of
# decreases monotonically in (P, Py) = (16 MV, 107.6 MV),
and steepens as P increases such that at P > P,, vP2.# o exp
(—P/P,). As a function of energy, P2.# peaks at ~260 keV (22
MYV), and the energy spectral index & log (P%2#)/0 log &
decreases from 1 at 136 keV (16 MV) to —1.1 at 1 MeV (43
MYV), consistent with observation, and steepening to —2.6 at 6
MeV (107 MYV). Finally, the effect of the spectral shape is
studied by varying P, and P, (see § 3.8).

With the exponentially decaying source, the same total
number of particles are injected over the time interval (0, o)
if the constants j§ and t,; are chosen such that jgr,,; =
constant. However, with small r,; and large j3, the large
proton intensity near the inner spatial boundary at early time
produces large wave growth/decay rates, thus imposing severe
requirement on the computational time step in the numerical
model. Hence we adopt t,,; > 1 hr in most of our calculations.

H(P) = jg

2.2.4. Rigidity and W avenumber Boundaries

We are interested mainly in P ~43 MV (ie, 1 MeV)
protons, for which the normalized resonant Alfvén wavenum-
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ber #,., ranges from (P|1 + V,/v|)"! at u = F1 to very large
values as y — V. /v (eq. [15]). On the other hand, any of these
Alfvén waves resonates with protons of a minimum rigidity at
u = +1 toinfinite rigidity as u — V. (eq. [12]). This is clearly a
global issue: protons of different rigidities and pitch angles are
coupled via interaction with the same Alfvén waves, and this
equires that we consider infinite ranges of particle rigidities and
wavenumbers. However, practicality requires that we consider
only finite ranges, and equations (12) and (15) are only valid for
hydromagnetic waves anyway. So, for simplicity, we confine
ourselves to these waves and set the upper #-boundary atn, =
| Q/BV, | min> With a =~ 0.4 and “min” denoting the minimum
value on the spatial grid (actually the assumption of hydro-
magnetic waves require a <€ 1). For example, with V,, =1

x 1073 AU hr™!, we set 5y = 0.3447 MV ! [actually the
effective cutoffis atz, 10(1/2)Adogron]

The high cutoff 5, implies a resonance gap in u given by
Vifo—1/(Pny) <u<V_/v+1/(Pny), in which D, =0.
However, as noted earlier, the presence of other wave modes
and nonlinear theories allow the protons to diffuse across the
gap, and we “fill in” the gap with the average of the values of
D,, just outside the gap. Because I“ and I® contribute negligi-
bly to particle scattering compared to I and I}, we also
approximate the gap by V. /v — 1/(Pny) < u < V. /v + 1/(Pny).

For 5y = 0.3447 MV 1, the minimum value of P, is 5.365
MYV. However, it is not practical to choose the latter as the
value of the lower rigidity boundary P;, because 5.365 MV
protons with |u| < 0.8 do not resonate with hydromagnetic
waves with n < ny. As P decreases, the u-range for resonance
with hydromagnetic waves shrinks, leading presumably to
faster leveling of the proton pitch distribution in that u-range,
and smaller contribution to hydromagnetic wave growth. In
view of the above we choose P, = 16 MV. Furthermore, since
protons with P < 16 MV take more than ~ 3 times longer than
43 MYV protons to travel to any location to amplify or damp
the waves there, neglecting these low-energy protons will not
have any effect on the 43 MV proton differential intensity until
long after the intensity peak.

We adopt an upper rigidity boundary at P, ~ 107.6 MV. It
is computationally expensive to choose a large value for Py, as
high proton velocity requires small computational time step in
the numerical model. In equation (18), the integrand decreases
quickly with rigidity, and we take approximate account of the
contribution of higher rigidity protons by extrapolating F
with, e.g., a P~ ® spectrum beyond Py. This smooths and, 1ises
somewhat the wave intensity spectra at low wave numi,.crs.
Protons at P = Py, and u = 0.95 have the lowest 7,.,, which is
just larger than 0.0095 MV ~1. Hence we choose #;, so that the
effective cutoffy, 10~ (1/2Adee10n js helow 0.0095 MV ™1,

Finally it is convenient to use logarithmic scales for P and #.
The In P interval is chosen as (In 16, In 107.6) with step size
A(ln P) = 0.08664 and P in MV. The log,,n interval is chosen
as (—2.0125, —0.4625), with step size A(log,, %) = 0.05.

2.2.5. Initial Conditions on the Alfvén Waves

In contrast to the initial background particle intensity, the
initial differential wave intensities specify D,, and set the stage
for the initial scattering of the SEP, and so play a significant
role in the subsequent evolution of the particle and wave
distributions.

The observed power spectrum of IMF fluctuation within 1
AU is roughly a power law k? above some critical wavenumber
with 6 & — 1.5, and varies with heliocentric distance approx-
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imately as r~3 (Bavassano et al. 1982; Marsch & Tu 1990;
Roberts, Goldstein, & Klein 1990). It appears to be mainly
Alfvénic in nature, with most of the power (>90%) in the
outward propagating waves (Denskat & Neubauer 1982). The
observed radial variation at r < 1 AU is roughly in agreement
with the predictions of the WKB theory (e.g., Whang 1973;
Hollweg 1974).

The nature of IMF fluctuation and its radial evolution is a
complex issue (e.g., Tu, Pu, & Wei 1984; Roberts & Goldstein
1991; Marsch 1991; Bruno & Bavassano 1991), and is not the
concern of this paper. Our purpose is to investigate the excita-
tion of a preexisting wave distribution by streaming SEP, and
the back influence of the excited waves on SEP propagation.
To this end we only need to specify an initial wave intensity
distribution reasonably consistent with the observation. Here
we specify the initial differential outward wave intensities I,
via steady state solutions of the wave transport equation. We
assume equal differential intensities for the two outward waves,
I% = I? | and set the initial differential intensities of the inward
wavLes at 10% of that of the outward waves, ie., I* = I} =
0.11%5.

The wave transport equation for W™ (k, r, t), the total wave
energy density in phase space, is (e.g., Barnes 1979)

o oo oW A dw oW h
ot ok  oOr or Ok
If we assume a radial IMF, solar wind velocity V(r)f, Alfvén

velocity V, (r)f, dispersion relation for Alfvén waves w =
k- [(V + VyF] ,and set

Wl r, 0 = L2 50, — 00— 9), (23

where (r, 0, ¢) are the spatial spherical coordinates, and (k, 6,,
¢,) are the spherical coordinates in k-space, then equation (22)
may be manipulated into

=y . (22)

owh 1 9 d (, 0V,
s D enwn -2 ()=

where V,(r) = V(r) + V4(r). If we set §/0t = 0, y = constant, and
impose a power-law spectra at the reference radius r :

Wik, 7o, 0, ¢) = W (6, $)k/ko)’ , (h=L,R), (25)

where k, is a reference wavenumber, then the steady state solu-
tion of equation (24), subject to the boundary condition (25) at
r =ry, is given by

_ g (VK YO V0 T
Wh(k, r) = W"+0< ,) [ko V(re) + VA(ro)]

r dar
* exp [y J V) + VA(r)]’ (26)

where we have omitted the parametric dependence on 6 and ¢
for clarity. Following Barnes (1979), we transform W (k, r) in
equation (26) from the fixed inertial frame to the plasma frame,
in which the energy density of magnetic fluctuation is approx-
imately half the total energy density of the Alfvén waves. Thus
we obtain the differential intensities of magnetic fluctuations of
the Alfvén waves

e = i (K TV [ VO + 130
ik, r) = Iio(’%) r2Va(ro) ':V(r‘)) + VA(rO)]

rodr )
x exp | y .27
< J:o |4 + VA )
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where I" , are the differential outward wave intensities at the
reference wavenumber k, and reference radius ry = 1 AU. For
y =0, Vi = Vyolro/r), and V > V,, equation (27) implies that
I". at constant k varies approximately as r~ 3, in rough agree-
ment with observations and the prediction of WKB theory.
For example, it is in agreement with the solution of Tu et al.
(1984) specialized to the situation without cascading effects (i.e.,
their eq. [54] atf > f, witha = 0.)

Let us consider waves in the wavenumber interval [k(r,),
k(ro) + dk(ry)] at r = ry. The rays of these waves are governed
by dr/dt = 0w/0k, and dk/dt = — 0w/0r. Hence along the rays

k(r) = k(ro)[V(ro) + Va(ro)J/LV(r) + Va(n] ,

dk(r) = dk(ro)[V(ro) + Va(ro)l/LV(r) + Va()] .

(28)
29

From equations (27)—(29), we obtain the variation of the inten-
sity of these waves along the rays:

I".[k(r), r1dk(r) = I' o dk(ro)

U 3 Va [V(r o) + Valr o)il2
Vo | V() + Vi)

"oodr
x exp |y . (30
< J:o V+ VA) ( )

With y = 0, k parallel or antiparallel to B, and k(r) given by
equation (28), this result is in agreement with equation (26) of
Barnes (1992), and equation (23) of Hollweg (1974).

Since k,., oc r 2 (see eq. [5]), and the outward waves domi-
nate, the differential wave intensity distribution in equation
(27) with y =0 implies that D,, in equation (3) is roughly
acr 3 4+ V)Y, or Aar3tV 4+ V)% For 6=
—5/3 (Kolmogorov spectrum), this means the particle mean
free path A is roughly ocr™Y3(V + V,)®3, decreasing by a
factor of ~10 when r is increased from 0.1 to 1 AU, using
V=1x10"2AU hr'! and ¥, =1 x 1073 AU hr!. For
8 = —3/2 (Kraichnan spectrum), 4 is roughly oc(V + V,)%3,
decreasing by a factor of ~4 when r is increased from 0.1 to 1
AU, and remaining almost constant as r is further increased.
For 6 = —4/3, A decreases to a minimum near r = 0.6 AU, and
then rises slowly as r increases. Various r-dependences of 4
based on SEP observations have been reported in the liter-
ature. For example, using the convection-diffusion model with
the effective radial mean free path A, oc b, Beeck et al. (1987)
obtained b = 0.5 and b = 0.7 by fitting multispace-craft data to
the 1977 December 27 and 1977 November 22 events, respec-
tively. Zwickl & Webber (1977) and Hamilton (1977) found
b =0 and b = 04, respectively, by fitting SEP data measured
on Pioneer 10 and 11. Feit (1973) found b from 0.8 to 1, while
Webb et al. (1973) obtained negative values of b. Ng et al.
(1983), using the focused transport model, found for a “scatter-
free” event observed at 0.5 AU that 4, decreased with r until
r ~ 0.5 AU and then increased again further out. These studies
are not necessarily in conflict, because they refer to different
particle events, and more important, are based on observations
at different values of r.

Including damping (i.e., y < 0) in equation (27) causes I” to
decrease faster and leads to a A that decreases to a minimum
and then increases with r further out. However, it suffices for
our present purpose to adopt y = 0 and § = —3/2 in equation
(27). We then study the effect of the wave intensity level by
varying I" ,, the reference differential wave intensity at the
reference wavenumber k, and reference radius r,.
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2.2.6. Numerical Solution

To solve equation (14) numerically, we use time splitting and

replace it by the following set of equations,
10F 0
" + (;wF) 0, (31)
10F 4 (1-— ;ﬁ 0 oF
e Fl=—(D,,—]. 2
w5 =n () @
We define the grid (InP,, u;, r i t,), where InP, =1n16 + (I

—DA(nP), I =1(1)L; ;= (i + DA i= —I(DI — 1;r;= 0.1
+(— DAr,j=11)J;t, = nAty,n=0,1,...;and L, 21 and J
denote the corresponding number of grid points. In most of the
calculations, we use L =23, A(lnP)=(In2)/8 (P in MV),

I=20, Au=1/I, J =201, Ar = 0.0125 AU, and At, = 0.025
hr. With F,,J replacmg F(Py, w;, r;, t,) and D}, ., ; replacing
D, (P, u; + 1A, r Tis L), equatlons (31) and (32) are approx-

imated by the following finite-difference equations, each with
half time step (At)/2:

Firi2 — Fr, AFL
2 ”+ﬂ b 1=07 (,u,'>0),
At Ar (33)
Fi''? — Fy A;F; '
A THUTL =0, (<0,

j=1Q1)J, followed by antidiffusion flux correction (Book,
Boris, & Hain 1975; Ng & Wong 1979; Wong 1982); and

F,"j+1 - F';+ 1/2 v,
i i - _ A 1 _ ;_ Fn+ 1/2
At rjAy I[( Hi 1/2) i-1, ]]
1
Dt} AFRLY, (34
+(Aﬂ)2 l( i— 1/21 11) ( )
i= —I(1)I — 1, also followed by antidiffusion flux correction.

In the above, A and A; denote forward difference w1th respect
to the i and j 1nd1ces respectlvely Note that 1 — p? ;,, and
D}_,,,,; both vanish at i = +1. Since P, (or v)) appears only as
a parameter in the above equations, the subscript / has been
suppressed for convenience.

Equations (33) and (34) are conservative, and with anti-
diffusion flux correction, the effective truncation error should
be better than the nominal truncation errors of O(Ar) + O(At)
and O(Au) + O(At), respectlvcly Equation (33) is solved explic-
itly for F2.1/2, sweeping in the J-direction for each value of i.
Using Fy; 4”2 the implicit equation (34) is solved for Fi*! by
the Thomas algonthm sweeping in the i-direction for each
value of j. In each case the numerical diffusion error is reduced
by antidiffusion flux correction. To ensure numerical stability
and to keep the calculations for different rigidities in step, we
choose the time step as follows (taking advantage of the non-
relativistic approximation): At = At,, for L = 1(1)8; At =
(Ato)/2, L = 9(1)16; At = (At,)/4, L = 17(1)23.

The modulus of the local amplification factor of the finite-
difference equations (33) and (34) is less than 1 if

At S IAr/(;t, vl) lmin B (35)
r;Au rD}i—1j2.;+ Dlivyp,)
Atsl: J 4+ L ,i—1/2,] it 1/2,) R (36)
a- ﬂiz— 1/2)”1 1- ”iz— 1/2)2012 min

respectively, where “ min ” denotes the minimum value over the
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ij-grid. The combined stability requirement is the more strin-
gent of the two.

The wave evolution equation (17) is approximated on
the grid (logyo . ) t,), Where logo 7, = —2.0125 + (m
— 1A(log,, 1), m = 1(1)M. In most of the calculations, we use
A(log,o 1) = 0.05 and M = 32. The equation is solved by
advancing from ¢, to t, . , assuming constant %, i.e.,

IZ(nma r n+ l) - Id("m3 rp tn) exp ('}’ AtO) (37)

In the evaluation of D,, in equatlon (16), if log,o (1)

— 3A(log,o ) < 10810 fres < lOglo () + 3A(log,, n), linear
interpolation of I% in log,, # is used; otherwise D,, is set to
zero (subsequent modification renders it nonzero). Slmllarly, in
the evaluation of y% in equation (18), if P, < P,., < Py, linear
interpolation of the integrand in In P is made; if P, > Py,
extrapolation assuming, e.g., a P? spectrum is made, with e.g.,
0 = —8; otherwise the integrand is set to zero. The integral is
then evaluated numerically.

The cycle of calculation advancing F and I* by one time step
Aty is as follows. I} is used to calculate D,,, which is used i in
advancmg F by one time step; the new F is used to calculate y",
which is used to advance I%. The cycle of calculation is then
repeated as many times as desired.

The above grids have been chosen as a compromise between
accuracy and reasonable running time and storage. In a
number of test runs, we have confirmed that the calculated
results do not differ significantly from those obtained using
finer grids and smaller time steps.

3. RESULTS

3.1. Attenuation of Differential Particle Intensity

The contrast between the predictions obtained ignoring and
including the effects of the streaming protons on the Alfvén
waves is illustrated in Figure 1. In this figure we display the
calculated time histories of the differential intensity j,, the
anisotropy &, and the local mean free path 4 of ~1 MeV
protons at r = 1.125 AU, with and without taking into account
the effect of particles on waves, all other parameters being
identical. The proton source at r = 0.1 AU is set by t,,; = 1 hr,
M(y) = uH(p),jS = 2 x 10° (cm? s st MeV) ™!, P, = 43.33 MV,
P, =25 MV and P, = 21.6 MV. The initial dlfferentlal mag-
netic fluctuation intensities of the Alfvén waves are set via
equation (27) bylo=Ro=I,=1x 10> MeVem 2, I* =
I? =0.11%, ko/By = 1/(43.33 MV), 6 = — 1.5,y =0, V = 0.01
AUhr Y,and ¥, = 1 x 1073 AU hr ™. These give, for 1 MeV
protons, A = 0.48 AU at r = 1 AU increasing slowly to 1 = 1.1
AU at r = 0.2 AU and more rapidly to A = 1.8 AU near the
inner boundary. The other parameters used in the run are
Ar =0.0125 AU, Apu=0.05 At,=0025 hr, A(nP)=
0.08664, and A(log,, 1) = 0.05.

Figure 1 demonstrates that when the influence of the stream-
ing protons on the Alfvén waves is taken into account, j3**, the
maximum value of j,, is decreased by a factor =5 for 1 MeV
protons at r = 1.125 AU, while the time of maximum ¢, is
increased from 4.9 hr to 5.7 hr. At t ~ 1.6 hr, before the arrival
of the 1 MeV protons, 4 starts to decrease from its initial value
of 047 AU. This is due to the amplification of the local
outward traveling right-hand polarized wave by faster protons
that begin to arrive at this time. At t = ¢,,, = 5.7 hr, the
decrease in 1 at r = 1.125 AU from its initial value is only
~30%. The reason for the dramatic decrease in j, is the much
stronger wave growth at smaller values of  (see below).
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F16. 1.—Time histories of the differential intensity j,, anisotropy £, and mean free path A of 45 MV protons at r = 1.125 AU. Curves labeled with closed (open)
symbols refer to the cases with (without) wave amplification/decay. jg = 2 x 10° (cm? s st MeV) ™%, ;. =1 hr, and I, = 1 x 10> MeV cm™2. See text for other

parameters.

Figures 2 and 3 display, at r = 0.525 AU and r = 0.325 AU,
respectively, the time histories of the same quantities as
depicted in Figure 1. The decrease of A with t is now very
significant, showing that wave growth is stronger at smaller r.
The attenuation of j§** decreases with decreasing r, since the
“coherent pulse” has less time to “disperse” (Earl 1989). On
the other hand, the amplified interplanetary Alfvén waves con-
tribute to the extended “ diffusive wake ” in the intensity profile
at the smaller values of r.

We have repeated the above calculations for a range of
values of the source strength j9, keeping all other parameters
constant. The results for 45 MV protons are summarized in
Table 2, in which we list j§** calculated with wave amplifica-

tion, the ratio of j$** and the ratio of ¢,,,,, calculated with and
without wave amplification, at r = 0.325, 0.525, and 1.125 AU,
respectively, for proton source strength j$ ranging from
1.25 x 10° (cm? s st MeV) ™! to 4 x 10° (cm? s st MeV) ™ L. We
also find that as jO is decreased, the calculated j, versus ¢ and &
versus t curves at r = 1.125 AU for the cases with and without
wave amplification merge, becoming almost indistinguishable
when j§ <5 x 10* (cm? s st MeV) ™!, or alternatively, when
722 < 30 (cm? s st MeV) ™! at r = 1.125 AU. From Table 2, we
see that j§** at 1.125 AU is significantly attenuated by wave
amplification when j2 > 5 x 10° (cm? s sr MeV)™?, or to put it
another way, when j7** at r = 1.125 AU calculated with wave
amplification exceeds ~2 x 10? (cm? s sr MeV)~!. An inter-

4.5
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Log ( j* (cm? s ster MeV))
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Time (hour)
F1G. 2—Same as Fig. 1, but atr = 0.525 AU
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Fi1G. 3.—Same as Fig. 1, but at r = 0.325 AU

esting feature here is that, as the source strength j9 is increased
jmaxatr = 1.125 AU peaks at ~2.5 x 102 (cm? s st MeV) ™ 1.

From Table 2 we also see that at r = 1.125 AU the increase
in t,,, due to wave amplificiation is <18%. If we regard the
lower j, curve in Figure 1 as the “ observation,” and attempt to
fit it using the focused transport model with the same injection
time profile but ignoring wave amplification, we may under-
estimate A by ~18% and j9 by a factor of 5. Furthermore,
because j2** decreases as jo at r = 1.125 AU is increased
beyond &1 x 10° (cm? s sr MeV) ™!, we may underestimate
the source strength by an even larger factor. Note that the
classical radial diffusion model with a mean free path indepen-
dent of r and ¢ would produce the same t,,, with an even
smaller A of ~0.34 AU. However, it is not really meaningful,
where wave growth is important, to refer to A as a constant or
as a function of r alone, since it is strongly dependent on both r
and ¢ (see Fig. 6 below).

We may try to understand the dependence of j3°* and ¢,,,,, on
j2 in the wave-particle coupled model with time-dependent 1
by examining how j§** and ¢,,, depend on the spatial depen-
dence of the time-independent A in the classical diffusion
model, for which analytical solution is available. Let us con-
sider the spherically symmetric radial diffusion model, with an

impulsive d-function source at r = 0 and a radial mean free
path A, = Ao(r/1 AUY, 4, and B being constants. The solution
3r27#

is
N € 2¢—1 3 €
pETE (§> (m) °""[_(2—ﬂ)zxo vt]’ %)

where € = 3/(2 — f), and N is a constant related to the source
strength (Parker 1963). It gives

Jelr, )=

tmax = 727 P/[(2 = P0Ao] , (39
‘max — _IY_ &E‘G_l 40
Je (r) - 47r.r3 F(G) ( )

Using Stirling’s formula for gamma function, we may show

that
N [——-3(2 — ﬁ)]m -0 asf-2—. (41)

smax ~
Je (r) 47U' 3

2n
Note that in equation (40), 4nr3j2*X(r)/N is independent of 4,

being equal to 0.925 for § =0, and 0.2179 for = 1.9, and
vanishing as f — 2 —. This may be understood as a result of the

TABLE 2
J£*, J#* RATIO AND t,,,, RATIO OF 45 MV PrOTONS®
0.33 0.53 1.13 033 0353 113 033 053 1.13
r .

(j2/10%) j2**/10%) i7/10%)  (jT/10%) Jj&** Ratio® tmax Ratio®
13 ... 1.57 0.51 0.67 089 083 086 1.01 1.04 1.07
25 ... 2.76 091 1.22 079 074 078 1.02 1.18 1.13
50 ... 5.21 1.66 2.01 074 068  0.64 1.51 1.31 1.18
10......... 9.33 2.61 2.54 067 053 041 1.44 1.28 1.17
20 ......... 134 321 2.46 048 033 020 1.33 1.23 116
40......... 15.1 3.08 1.94 027 016 0.8 1.28 1.22 1.18

® Model parameters are as for Fig. 1;7is in AU; j$ and j™** are in (cm? s sr MeV) 1.
® These ratios refer to the value calculated with wave growth divided by the value calculated without wave

growth.
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particles spending more time dispersing over a larger volume,
thus reducing the maximum intensity at any givenr.

If we regard the time-dependent model as being character-
ized by an effective B that increases with time because of the
r-dependent wave amplification, then since the effective value
of B clearly increases with j2, we expect the j§** ratio to
decrease and the t,,, ratio to increase as j§ is increased, in
analogy with the classicial diffusion model (eqs [41] and [39]).
The former but not the latter behavior is in qualitative accord
with Table 2. Quite apart from the difficulty of comparing the
linear diffusion model with the nonlinear coupled model, we
note the following limitations in the above analogy: (1) where
A 2 r, the diffusion model should be replaced by the focused
transport model which would give ¢,,,, weakly dependent on 4,
and (2) the growing waves clearly have more influence over
particles that arrive later than particles that arrive earlier. In
view of point (1) above, we expect ¢,,, to be more greatly
increased by wave growth as I is increased. This is indeed the
case. The effects of initial wave spectrum will be discussed later.

The time histories of the 1 MeV proton pitch distribution
and D, /v at r = 0.325 AU are shown in Figures 4 and 5,
respectively. The former shows the arrival of the anisotropic
coherent pulse, followed by an extensive diffusive wake (Earl
1976). The latter shows the effect of Alfvén wave evolution
driven by particle anisotropy at all rigidities. Figure 6 shows
that the mean free path of 45 MV protons evolves rapidly from
an initially decreasing function of r to an increasing function of
r, because of the r-dependent growth of outward travelling
Alfvén waves. After df/0u has decreased to a small value, the
Of/0P term may dominate equation (11), leading to damping of
I~ and IX. However, this is only significant at r < 0.15 AU.
For example, at r = 0.125 AU, A decreases rapidly from 1.7 AU
at t =0 to 0.004 AU at t = 1.2h, and then increases steadily,

©7

A

2

FT*1011 (cm~3 MV~3)

]

FiG. 4—The evolution of the pitch distribution of 45 MV protons at
r = 0.325 AU, showing the arrival of the coherent pulse and the development
of the diffusive wake. The model parameters are as for Fig. 1. Note the linear
vertical scale.
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40

D, /v (AUY)
b Y

F1G. 5—The pitch diffusion coefficient of 45 MV protons at r = 0.325 AU
as a function of y and t. Parameters are as for Fig. 1.

exceeding 7 AU at ¢t > 7 hr. However, because wave propaga-
tion and momentum transport are neglected, this later increase
of 1atr < 0.15 AU should not be taken seriously.

3.2. Evolution of Interplanetary Alfven W aves

Let us now examine the differential intensities of magnetic
field fluctuation of the Alfvén waves. For the same parameters

x (AU)

FIG. 6—The mean free path of 45 MV protons as a function of r and ¢.
Parameters are as for Fig. 1.

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System



.424.1032N

i
RN

Rk

R

1994ApJ. .

N\

QAR

\ \é:\\::;\:\
0\

\\\\\

W
LN

FiG. 7—The evolution of the differential magnetic fluctuation intensity I%

of the outward right-hand polarized Alfvén wave at r = 0.325 AU. Parameters
are as for Fig. 1.

as in Figure 1, Figures 7, 8, 9, and 10 show, respectively, the
evolution of I, I®, I* and I® at r = 0.325 AU. We have
assumed here that B > 0; if B < 0, we should change the heli-
city labels in these figures (the polarizations remain the same).
Figure 7 shows I% increases by an order of magnitude in ~2
hr. Faster protons arrive earlier to amplify the waves at lower
wavenumbers. Figure 9 shows the simultaneous decay in I-.
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Figure 8 shows the later and slower rise of I} (relative to I%),
which is due to protons that have diffused to u < (V + V,)/v
— 1/(Pny). In a solar particle event, we have mostly df/ou > 0
for all values of u. Simultaneously I® decays as depicted in
Figure 10.

Taken together, the overall effect of the particle-driven wave
evolution is to increase D,, and decrease 1. The damping of the
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FiG. 11.—Showing the effect of doubling I, and halving j2. Same as Fig. 2 (r = 0.525 AU), exceptj§ = 1 x 10° (cm® s sr MeV) ™, and I, = 2 x 10® MeV cm ™2

inward propagating waves is completely outweighed by the
growth of the inward traveling waves; this is true even if we
start with equal intensities of outward and inward propagating
waves.

Finally, we examine a point of consistency here. The wave
dispersion relation (8) and wave growth rate (11) apply under
the assumption that y% < w. For the calculation presented
above, the momentarily attained maximum value of |y}/w| is
0.018, for IR at n = 3.868 x 1072 MV~ %, r = 0.1125 AU and
t =0.275hr.

3.3. Initial Wave Spectrum

Figures 11 and 12 show, at r = 0.525 AU and r = 1.125 AU,
respectively, the various time histories as in Figures 2 and 1, all

parameters being identicial to those for Figures 2 and 1 except
that the initial wave intensity level has been doubled: I, =
2 x 103 MeV cm ™2, and the proton source strength halved:
j2=1x10° (cm? s st MeV)~'. Figure 11 shows that at
r = 0.525 AU, the j®* ratio and t,,, ratio between the cases
with/without wave evolution are 0.45 and 1.14, respectively.
These ratios are not very different from those (0.53 and 1.28,
respectively) given in Table 2 for half the wave intensity level:
I, =1 x 103 MeV cm ™% and the same proton source strength.
In contrast, Figure 12 shows that at r = 1.125 AU, j, peaks at
toax = 19.2 hr, the t,,, ratio is 3.04, and the j§** ratio is 0.57,
compared with 5.75 hr, 1.17, and 0.41, respectively when I, =
1 x 10°> MeV cm ™% (Table 2).

Why does doubling the initial wave intensity level from
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Io=1x 10® MeV cm ™2 to I, = 2 x 10®> MeV cm ™2 produce
such a significant change in ¢t_,, at r = 1.125 AU and not at
0.525 AU? The answer lies in the transition from super-
coherent and coherent transport to diffusive transport as r
increases (Earl 1976). Particle transport is supercoherent where
|(4/B)oB/or| = 2A/r > 1, coherent where A ~ r, and diffusive
where A < r. In the supercoherent and coherent regimes, ¢, is
not very sensitive to 1; whereas in the diffusive regime (see eq.
[391), tmax ¢ 1/4, or equivalently, t,,,, oc I. For I, =2 x 10°
MeV cm ™2, at t =0 hr, we have 4 = 0.235 AU at r = 1.125
AU, increasing to 4 = 0.55 AU at r = 0.2 AU, and 1 = 0.9 AU
near the inner boundary. This means that initially r = 1.125
AU is just inside or just outside the diffusive regime, whereas
r = 0.525 AU is in the coherent regime. The reduction in A due
to wave growth therefore produces a significant reduction in
toax at ¥=1.125 AU but not at r =0.525 AU. For I, =
1 x 10®* MeV cm ™2, however, r = 1.125 AU lies also in the
coherent regime, so that ¢, there does not respond sensitively
to wave growth.

Thus, paradoxical as it might appear, even though wave
growth decreases with increasing r, its effect on the proton
intensity time profile is greater at larger values of r. One may
expect that as I, is further increased, the strong diffusive
dependence of t,,,, on A and hence on I, will extend further
inward to smaller values of r. Figure 13 shows the various time
histories at r = 0.325 AU for I, = 2 x 10* MeV cm ™2, and all
other parameters as for Figures 1-3. The initial A is 20 times
smaller than in Figure 3, so that even at this small distance
r =0.325 AU, when wave evolution is turned on, t.,, is
increased from 3.8 to 15.6 hr. However, j5** hardly suffers any
change in this case.

3.4. Pitch Dependence of the Proton Source

Changing the p-dependence of the particle source from
M(u) = uH(w) to #(u) = H(u) while keeping jo constant
doubles the flux of source particles. On the one hand, the
smaller df/0u near the source location gives slower wave
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growth there; on the other hand, focusing leads to larger df/ou
and faster wave growth further out. In the absence of wave
growth, for j% = 2 x 10° (cm? s sr MeV)™ !, j™* atr 2 0.3 AU
calculated with .#(u) = H(u) is only =~ 1.5 times j§** calculated
with #(u) = uH(u). In the presence of wave growth, however,
the calculated j¥** for #(u) = H(y) is 1.50 x 10*, 3.25 x 103,
and 2.19 x 102 (cm? s sr MeV) ™! at r = 0.325, 0.525, and 1.125
AU respectively, while the corresponding values for
M (1) = uH(p) are not significantly different, viz., 1.34 x 10%,
3.21 x 103, and 2.46 x 10 (cm? s sr MeV) ™. Apparently, for
both forms of .#(u) the particles that arrive at t = t,,,,, at r 2
0.3 AU are mainly those initially injected at u close to 1.

3.5. Resonance Gap

In the sections above, we have adopted the average of the
two values of D,, just outside the approximate “resonance
gap” (V + Vp)/v — 1/(Pny) < p < (V + Vy)/v + 1/(Pny), as the
values of D,, inside the gap. This is a heuristic procedure to
take account of the finite scattering of protons with pitch
angles inside the gap, as a realistic treatment including other
wave modes and nonlinear resonance broadening is outside
the scope of this paper. It is thus desirable to get an idea of the
extent to which the results depend on the above assumption,
by varying the procedure of filling the D, values in the gap.

Filling in the gap by using o times the above average, with
o = 0.5 and all other parameters identical to those for Figure 1,
raises somewhat the j, versus ¢ profile of 1 MeV proton at
r = 1.125 AU—the j_,, ratio is now 0.27 and the ¢, ratio is
1.14, to be compared with 0.20 and 1.16, respectively for Figure
1. However, the differential wave intensity I;, at r = 0.325 AU
for example, grows to an order of magnitude larger at the
highest frequencies n > 0.24 MV ™1, as compared to Figure 4.
Thus, a smaller effective D,, in the gap results in faster and
larger wave growth at the highest frequencies, as df/du becomes
larger just outside the gap. Choosing a = 0.2 causes the wave
intensity to grow out of bound. We choose « = 1 as above as it
produces a relatively smooth wave spectrum.
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FiG. 13.—Showing the effect of 20 times larger initial wave intensities. Same as Fig. 3, except I, = 2 x 10* MeV cm~2. Note that A is multiplied by 50.
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3.6. Alfvén Speed

Equation (18) implies that the rates of wave growth and
decay are approximately proportional to the Alfvén speed V,.
With all other parameters identical to those used for Figure 1,
halving V,, from 1 x 1073 AU hr™! to 5 x 10™* AU hr™!
causes the j¥** ratios at r = 0.325, 0.525, and 1.125 AU to
increase from 0.48, 0.33, and 0.20 to 0.62, 0.49, and 0.37, respec-
tively, while the t,,, ratios remain essentially unchanged at
1.33, 1.23, and 1.26 respectively. If, in addition to halving V,,,
we also double j% to 4 x 10° (cm? s sr MeV) ™!, then j2** ratios
become 0.43, 0.28, 0.17, and the ¢, ratios become 1.27, 1.19,
and 1.16, respectively. The effects of doubling j and halving
V.o roughly compensate one another. Note, however, that
halving V,, also has the effect of introducing less spatial varia-
tion in A (see eq. [27]).

3.7. Extended Injection

Figure 14 shows the time histories of j,, & and A from ¢t =0
tot =20 hr at r = 1.125 AU, calculated with all parameters as
for Figure 1 except t;,; = 4 hr (4 times larger) and j3 = 5 x 10°
(cm? s st MeV) ™! (4 times smaller). Note the plateau-like j,
versus ¢t curve. The ¢, ,, value in the absence (presence) of wave
evolution is 6.4 hr (6.1 hr), compared with 4.9 hr (5.7 hr) in
Figure 1. The j,,, ratio in Figure 14 is 0.38 compared to 0.20 in
Figure 1. Figure 15 shows that the same calculations as for
Figure 14 produces at r = 0.325 AU a prominent diffusive
wake somewhat higher than the coherent pulse, the peak in the
coherent pulse being depressed by 17% and delayed by 58%
relative to the case without wave evolution. Comparison of
Figure 1 with Figure 14 and Figure 3 with Figure 15 illustrates
that increasing t;,; and decreasing j3 while keeping jg t;,; con-
stant leads to a more prominent diffusive wake and to less
attenuation of the coherent pulse. Apart from the extended
injection itself, the distribution of wave growth over a wider
region probably also plays a significant role in producing the
above features. However, the prediction at ¢t > t,,, should not

max
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be taken seriously because of the neglect of wave propagation
and particle momentum transport.

3.8. Source Rigidity Spectrum

Equation (11) shows that df/0u dominates the wave growth
(decay) rates until the proton distribution approaches isotropy.
Therefore the proton source strength parameter jo determines
the overall level of wave growth (decay), and the spectral shape
of the proton source influences the relative levels of wave
growth (decay) at different wavenumbers.

Changing the parameters P1 and P2 in equation (21) from
P1 =25 MV and P2 = 21.6 MV used above to P1 = 50 MV
and P2 =20.61 MV yields a harder source spectrum than
before: the energy spectral index 0 log (P2.#)/0 log & remains at
1 at 136 keV, decreases to 0 at 300 keV, —0.71 at 1 MeV, and
—1.54 at 6 MeV. There are now more source protons at >1
MeV than before. With the new source spectrum, and extrapo-
lation of F with a P~7 spectrum, and all other parameters as
for Figure 1, the model yields, at r = 0.325 AU, I up to a
factor of 3 larger at n <2 x 1072 MV ™!, and only ~20%
larger at n > 1.5 x 107! MV, Since higher energy protons
travel ahead to amplify the outward waves which slower
energy protons encounter later, a harder source spectrum
should attenuate the differential intensity of 1 MeV protons
more strongly. The model gives at r = 0.325, 0.525, and 1.125
AU, j... ratio = 0.36, 0.19, and 0.087, respectively (compared
with 0.48, 0.33, and 0.22 in Figs. 1, 2, and 3), and ¢,
ratio = 1.32, 1.25, and 1.26 respectively (compared with 1.33,
1.23,and 1.16 in Figs. 1, 2, and 3).

A peak or flattening in solar proton spectra is sometimes
observed in the 100 keV region (Reames et al. 1992). Peaks are
also produced in some theoretical spectra (see, e.g., Forman et
al. 1986). So far the proton source spectra we used have a peak
at 260 or 300 keV. Does wave growth depend on the presence
of a spectral peak? To answer this question, we set P, = 43.33
MYV and P, = 0 MV, obtaining a monotonic decreasing spec-
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F1G. 14—Showing the effect of increasing t;,;
t;; = 4 hr.

inj

and decreasing j? by a factor of 4. Same as Fig. 2 (r = 0.525 AU), except j$ = 5 x 10° (cm? s st MeV) ™!, and
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FiG. 15—Same as Fig. 14, except r = 0.325 AU

trum in P2.#, the energy spectral index of which steepens from
—0.69 at 136 keV to —1 at 1 MeV and to —1.74 at 6 MeV. For
this source spectrum, the model predicts I; at r = 0.325 AU
intermediate between the two previous cases, j,,, ratio = 0.40,
0.24, and 0.12, t,,, ratio = 1.32, 1.24, and 1.20 at r = 0.325,
0.525, and 1.125 AU, respectively. Thus, wave growth does not
depend on the presence of a spectral peak in the proton source.

4. DISCUSSION
The main predictions of the model are summarized below.

1. For reasonable values of the model parameters, following
the arrival of a sufficiently strong flux of SEP, the outward
right-hand polarized Alfvén waves grow rapidly by roughly
more than an order of magnitude at r < 0.3 AU, followed later
by the left-hand polarized Alfvén waves, while the inward
Alfvén waves decay. The growth or decay of the differential
wave intensities decreases with increasing heliocentric dis-
tancer.

2. The influence of the particle-driven r-dependent wave
growth on the proton differential intensity j, at 1 MeV depends
on the proton source strength parameter j2, the injection time-
scale t;,;, the source spectrum, the initial wave differential
intensity parameter I,, the Alfvén speed parameter V,,, and
the observer’s location 7. With ¥, =1 x 107> AU hr 1, I, =
1 x 10* MeV cm™2, and t;,; = 1 hr, the effect of wave evolu-
tion on j, at r 2 0.3 AU is negligible for j < 5 x 10* (cm? s st
MeV) ! or for j5** < 30 (cm? s sr MeV) " atr ~ 1 AU. Asj$ is
increased, the maximum proton differential intensity j3** at
r ~ 1 AU rises to a peak of ~2.5 x 102 (cm? s sr MeV) ™! and
then decreases slowly. The ratio of j5** calculated with wave
evolution to j§** calculated without wave evolution is listed in
Table 2 and decreases with r. The time-of-maximum ¢, does
not depend sensitively on jO unless  and I, are large enough to
place the observer in the (spatially) diffusive regime. Increasing
Vo Or injecting a harder spectrum of protons causes the wave
growth or damping to increase and j§** to decrease.

The above predictions are in qualitative or semiquantitative
agreement with the observations of SEP at r ~ 1 AU that

indicate (1) small impulsive events have large mean free path
A 2 0.5 AU, whereas large gradual events tend to have smaller
effective values of 1 < 0.1 AU, and (2) j5** seldom exceeds
~5 x 102 (cm? s sr MeV) ™! (Reames 1990, 1993). The model
predicts that jT* at r ~ 1 AU does not exceed ~2.5 x 10?2
(cm? s sr MeV) ™ L. In view of the simplified nature of the model,
the prediction and observation may be regarded as in good
agreement. The results of the model suggest that for large
impulsive SEP events, the classical model underestimates sig-
nificantly the particle source strength, and if the initial wave
intensity is sufficiently high, gives a fitted mean free path sig-
nificantly smaller than what initially characterizes the inter-
planetary space. Its prediction of the r-dependent growth of
outward Alfvén waves is relevant to models of ion acceleration
at a traveling interplanetary shock (e.g., Lee & Ryan 1986;
Cane et al. 1988) as it implies that energetic ions traveling
upstream would amplify interplanetary hydromagnetic waves
sufficiently to make the shock an efficient accelerator. Of
course the shock must be strong enough for the acceleration to
override adiabatic deceleration, and r may have to exceed a
minimum value for this to happen.

To make the model tractable, we have made a number of
simplifying assumptions.

1. The model does not consider particle momentum trans-
port, whereas clearly the particles must lose energy to amplify
the waves. Momentum transport, however, proceeds slower
than pitch diffusion by a factor of O(V,/v), which has a
maximum value of ~7 x 10~ 2 for 16 MV protons at the smal-
lest r. We note also the timescale of adiabatic deceleration
r/(2V)is ~5.6 hr at r = 0.1125 AU and 50 hr at r = 0.3 AU.
Thus the neglect of momentum transport is justified for our
purpose—it appears to invalidate the calculation only at some
time after t,,,. On the other hand, if the protons are acceler-
ated by a traveling forward interplanetary shock, then their
energy loss to the upstream waves may be more than offset by,
for example, their energy gain from the downstream waves.

2. Only amplification or damping of the Alfvén waves due
to quasi-linear resonant interactions with SEP is considered in
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the model. Nonlinear wave-wave interaction may cause the
wave intensities to saturate or decay (see, e.g., Omura & Mat-
sumoto 1989) and limit the size of the attenuation of proton
intensity. This raises the possibility that for a large proton
source the present model may overestimate the effect of self-
amplified waves. This difficult issue probably can only be
addressed through plasma simulation. For now, we show that
wave amplification by the SEP should not lead to a significant
increase in the ratio of the total magnetic fluctuation intensity
relative to the background magnetic field.

If j, oc P~ 2%, then from equation (11), we see that the wave
growth rate y varies roughly like k22~ 2, Thus with & > 1.35 and

" =] k w3 To V4 Vagro/r\™?
TNk, r V + Vi ’
in k; <k <ky, with Iy =1 x 10> MeV cm™2, k, = 3.46
x 1071%ro/r)? ecm™Y, k; = 1.46 x 107 1%ry/r)? ecm™!, ky =
517 x 10 °(ro/r)>cm ™4, Vo =1 x 1073 AU hr tand ry = 1
AU, the growth of wave energy in (0, k) is at most comparable
to the growth of wave energy in (k;, ky), and we can use the
increase in the latter as an estimate of the increase in the total

wave energy. Since B = By(r,/r)%, where B, = 5 x 1073 G, we
estimate the ratio of the initial wave intensity in (k;, k) relative

to B2:
@B*>ry _ 11x 103~ HV+V 7
B? ‘ o) \V + Vio ’

which varies from 5 x 107%atr = 0.125 AU to 1.1 x 1073 at
r = 1 AU. This shows that the initial wave distribution may be
amplified by the low-energy protons through several orders of
magnitude at r < 0.3 AU and still gives an increase in {(6B)?)
much less than B2. We can understand this as follows: at low
frequencies there are few high-energy protons to excite the
waves, and at high frequencies there is little wave fluctuation to
begin with.

3. The model considers only quasi-linear resonant inter-
action between the particles and parallel and antiparallel
Alfvén waves. The treatment of proton transport across the
resonance gap in p (resulting from the upper cutoff wavenum-
bers for the parallel hydromagnetic Alfvén waves) is over-
simplified. Oblique Alfvén waves, wave modes of higher
frequencies, e.g., ion cyclotron and magnetosonic waves, and
nonresonant scattering can scatter protons in the resonance
gap (Jaekel & Schlickeiser 1992; Fisk et al. 1974; Davila &
Scott 1984; Smith 1992), and nonlinear theories (e.g., Jones et
al. 1973; Volk 1973; Goldstein 1976; Yoon et al. 1991; Kari-
mabadi et al. 1992) do allow the protons to cross the gap.
However, it is beyond the scope of the present model to include
wave modes with complicated dispersion relations or to treat
nonresonant wave-particle interaction and resonance broaden-
ing self-consistently. The phenomenological filling of the reson-
ant gap with the average of the D, values just outside the gap
makes the present model tractable. If this procedure overesti-
mates the effective value of D, in the resonance gap, then it
also overestimates the p-diffusion, which will lead to a smaller
of/du, and hence slower growth of the wave intensity and D,
itself. Thus, in a sense, the error is self-correcting. Nevertheless,
a realistic model of wave-particle interaction must treat the
above issues rigorously, and this is a challenging task for the
future. Bieber & Matthaeus (1992) have recently introduced
the concept of dynamical turbulence together with the decay of
its correlation function in time. The filling in procedure here is
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roughly equivalent to assuming a constant turbulence
geometry during the course of the particle-driven wave evolu-
tion.

4. Large SEP events tend to be gradual and associated with
traveling interplanetary shocks (Cane et al. 1988). To model
this, we need to inject the SEP at or near the moving shock
front, and to take account of the first- and second-order Fermi
acceleration and adiabatic deceleration via the momentum
transport terms. Such work is being undertaken.

The present model suggests that the effective mean free path
of ~1 MeV protons decreases with increasing size of the
impulsive event, if the initial mean free path is small enough to
place the observer in the diffusive regime. However, such an
anticorrelation will not be found if the initial mean free path is
large, is less probable at smaller heliocentric distances because
of focusing, and is not expected for high-energy protons. It is
not surprising therefore that Wanner & Wibberenz (1993) did
not find the above anticorrelation in their study of eight SEP
events, five of which were at <0.65 AU, and all at energies >4
MeV. Kurt, Logachev, & Pissarenko (1977) reported such an
anticorrelation for nonrelativistic electrons, whereas Kallen-
rode, Wibberenz, & Hucke (1992) did not find it in their study
of a number of ~0.5 MeV electrons. However, the electrons in
these studies have much lower rigidities and do not interact
with the Alfvén waves, hence the predictions of our model are
not directly applicable to these electrons.

A key prediction of the model is the increased magnetic
fluctuations in association with the arrival of intense fluxes of
anisotropic solar energetic particles. Are there any observation
in support of this prediction? In considering this question, one
should bear in mind the clear evidence for the analogous
association predicted by Lee (1983) between increased mag-
netic fluctuations and low-energy ions upstream of traveling
interplanetary shocks (e.g., Tsurutani, Smith, & Jones 1983;
Viias, Goldstein, & Acufia 1984; Kennel et al. 1986; Tan et al.
1989).

Beeck et al. (1990) reported an IMF power spectral density
that increased by more than an order of magnitude over 1 day
for the 1981 July 20 SEP event observed on ISEE3 at 1 AU
(their Fig. 11, field data from E. J. Smith and B. T. Tsurutani).
They noted that the increase in fluctuations could be generated
by the SEP as suggested by Reames (1989). Wanner & Wib-
berenz (1993) presented a time series of the total power of IMF
fluctuations in the wavenumber range 107°-107% cm ™! for the
1976 March 28 event observed aboard Helios 2 at 0.5 AU (their
Fig. 4, field data from F. M. Neubauer). The total power
increased by a factor of 3 early in the event, in agreement with
the present model. At present, one would not expect to find
much evidence in the published works, since very few correlate
in detail SEP observations with IMF power spectrum. Accord-
ing to the model, the chances of observing SEP-driven wave
growth increase with event size and decrease strongly with
distance from the Sun, and > 10 MeV protons contribute neg-
ligibly to wave growth because of their relatively small
number. Beeck et al.’s observation on the growth of the mag-
netic power spectral density at 1 AU thus appears remarkable
despite the large size of the 1981 July 20 event. However, the
interplanetary shock in this event (and most large events) pro-
vides a continuously moving particle source that approaches
the observer, thus mitigating the strong radial dependence in
the present model, which assumes a solar source.

The correlation between the arrival of the SEP and the
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growth of the IMF fluctuations in the observations of Beeck et
al. and Wanner & Wibberenz may be fortuitous. More obser-
vations and careful analyses, using complementary field and
particle data on a large number of events, are required to prove
the existence of SEP-driven wave growth, and to determine its
radial dependence and, most important, the relationship
between the time histories of the SEP spectrum and the IMF
fluctuation spectrum. Detailed observations of this relation-
ship may prove to be the key to understanding the well-known
discrepancy between the theoretical mean free paths calculated
from measured IMF power spectra using quasi-linear theory
and the mean free paths fitted to observed SEP intensity his-
tories. Because in many events, a substantial fraction of the
observed fluctuations appears to be in modes that do not
scatter outbound SEP, we caution that the SEP-driven wave
growth in such events may be “diluted” by these noninter-
acting background fluctuations.

While the model is grossly simplified in some respects, it
shows that the amplification of interplanetary Alfvén waves by
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the SEP introduces many interesting features not present in
models that assume a time-independent scattering medium.
We hope this paper will stimulate more experimental studies
on the interactions between interplanetary waves and solar
energetic particles using complementary particle and field data,
as well as more theoretical work, e.g., inclusion of particle mo-
mentum transport, other wave modes, rigorous treatment of
pitch diffusion across the resonance gap, traveling interplane-
tary shock, and comparison between theories and observa-
tions.
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